In this paper, the nonlinear distribution of employment across Spanish municipalities is analyzed. In addition, we explore the properties of the family of generalized power law (GPL) distributions, and test its adequacy for modelling employment data. The hierarchical structure of the GPL family that includes the hierarchy of Pareto (power law) distributions is deeply studied. A new subfamily of heavy-tailed GPL distributions that is right tail equivalent to a Pareto (power law) model is derived. Our findings show on the one hand that the distribution of employment across Spanish municipalities follows a power law behavior in the upper tail and, on the other hand, the adequacy of GPL models for modelling employment data in the whole range of the distribution.
Introduction
The spatial distribution of employment has been analyzed in the economic literature from different angles. For instance, changes in the spatial concentration of employment at county level in service and non-service sectors in US have been discussed in [1] ; the effects of the labour market size on the 2 The family of generalized power law (GPL) distributions
In this section, we firstly analyze the family of standard GPL distributions, firstly introduced in [9] . Next, we find a new subfamily of regularly varying distributions at infinity, that belongs to the Maximum Domain of attraction of the Fréchet distribution. The members of this heavy-tailed subfamily are right tail equivalent to a Pareto (power law) distribution. Some examples of members of the family of standard GPL distributions that belong and does not belong the new subfamily are given. Later, we examine the associated location-scale family of GPL distributions and provide some examples of those models. Finally, we show that the family of GPL distributions admits a hierarchical structure that nests the hierarchy of Pareto (power law) distributions as a particular case.
The family of standard GPL distributions
Definition 1 A continuous random variable Z has a standard generalized power law (GPL) distribution if and only if its cumulative distribution function (cdf ) is given by
and F Z (z) = 0 if z ≤ 0, where the real function g : (0, ∞) → R + is continuous, positive, differentiable on (0, ∞), and satisfies the following conditions
and
where
It can be noted that the cdf (1), satisfying conditions (2) and (3), is a genuine cdf, that it can also be expressed as follows 
, z > 0 and f Z (z) = 0 if z ≤ 0. In this paper, we show that the new subfamily of standard GPL distributions, defined by the condition
is comprised of regularly varying distributions at infinity, that belong to the Maximum Domain of Attraction of the Fréchet distribution MDA(Φ α ) with Φ α = exp{−x −α }, x > 0, α > 0, [10, 11, 12, 13] .
Theorem 1 Let us consider the family of standard GPL distributions defined in terms of the cdf (1) , where the real function g : (0, ∞) → R + is continuous, positive, differentiable on (0, ∞) and satisfies conditions (2) and (3) . Then, for any function g with a strictly positive and finite limit at infinity, lim z→∞ g(z) = α > 0, the corresponding standard GPL distribution belongs to the Maximum Domain of attraction of the Fréchet distribution, that means that it is regularly varying at infinity with index −α < 0.
Proof: See Appendix.
Remark 1 Let us consider the family of standard GPL distributions defined in terms of the cdf (1) , where the real function g : (0, ∞) → R + is continuous, positive, differentiable on (0, ∞) and satisfies conditions (2), (3) and (4) . Then, the corresponding standard GPL distribution is right tail equivalent to a Pareto (power law) distribution and it is a heavy-tailed distribution.
Proof: See Appendix. Table 1 shows some examples of standard GPL distributions satisfying condition (4): lim z→∞ g(z) = α > 0. It is observable that Pareto distribution belongs to that subfamily and corresponds to the choice g(z) = α. For the other examples (see [9] ), we have chosen only two-parameter models θ T = (α, β), that include Pareto distribution as particular case when β = 0. In contrast, Table 2 illustrates some examples of standard GPL distributions with lim z→∞ g(z) = ∞. Thus, these models do not satisfy condition (4). However, they do belong to the family of GPL distributions, as they are defined in terms of the cdf (1) and satisfy conditions (2) and (3). Again, only two-parameter models θ T = (α, β) that include Pareto distribution as particular case when β = 0 have been considered. The choice g(z) = α + β log(1 + z) corresponds to the Benini distribution ( [14, 15] ) and the case g(z) = α log β (1 + z) leads to the Pareto Positive Stable (PPS) distribution ( [16, 17] ), in both cases the transformation X = σ(1 + Z) is needed.
Obviously, both example lists of GPL models (tables 1, 2) can be easily expanded to more general models by increasing the number of parameters, by not including Pareto model as particular case, and/or by considering new forms of the function g. For instance, by taking lim z→∞ g(z) = ∞, the choice g(z) = z/ log(1 + z) corresponds to the Exponential distribution, 
coincides with the Rayleigh distribution, the option g(z) = z β / log(1 + z) leads to the Weibull distribution, and g(z) = β(e z − 1)/ log(1 + z) corresponds to the Gompertz distribution, after considering the transformation X = σZ. Table 3 displays these well-known models, all members of the family of generalized power law (GPL) distributions that do not include the Pareto distribution as particular case.
A hierarchy of families of GPL models
A location-scale family of GPL distribution can be defined related to the family of standard GPL distributions [9] :
Definition 2 Suppose that a random variable Z has a standard generalized power law distribution defined by expressions (1),(2),(3). Let X = µ + σZ, where µ ∈ R is a location parameter and σ ∈ (0, ∞) is a scale parameter. Then, X belongs to the location-scale family of GPL distribution, with a cumulative distribution function (cdf ) given by 
It is noted that the location parameter µ determines the lower bound of the support (µ, ∞) of those models with cdf (5), and that the corresponding survival function S X (x) = 1 − F X (x) can be expressed as
and S X (x) = 1 if x ≤ µ. Table 4 shows some examples of the location-scale family of GPL distributions, with µ = 0 (Z = X/σ) and α, σ > 0, related to the examples of standard GPL distributions exhibited in tables 1, 2, 3. Next, we show that the family of GPL models admits a hierarchical structure that includes the hierarchy of Pareto (power law) distributions ( [18, 19, 20] ) as particular case.
GP L(I) family of distributions
As baseline model of the GPL hierarchy, we use the location-scale GPL model, defined by cdf (5), with µ = σ > 0. We name this family as GP L(I) family of distributions. Their survival functions have the following form
, x > σ.
A random variable X with survival function given by Eq.(7) will be denoted by X ∼ GP L(I)(σ, θ T ), where θ T is the row vector of additional parameters of the function g. Table 4 Some examples of location-scale GPL distributions pertaining to the examples of standard GPL distributions illustrated in tables 1, 2, 3, with µ = 0 (Z = X/σ) and α, σ > 0.
By taking the constant function g
x−σ σ = α > 0, we obtain the classical Pareto distribution, denoted as P (I)(σ, α), with survival function given by
GP L(II) family of distributions
A more general family of GPL distributions, denoted as GP L(II), can be defined in terms of survival function, coinciding with Eq.(6), as follows:
where µ ∈ R is a location parameter and σ > 0 is a scale parameter. A random variable X with survival function given by Eq. (9) will be denoted by
, where θ T is the row vector of additional parameters of the function g.
As a particular case, by again considering the constant function g
x−µ σ = α > 0, we obtain the well-known Pareto type II distribution, denoted as P (II)(µ, σ, α), with survival function given by
that includes Lomax distribution [21] when µ = 0, with survival function
GP L(III) family of distributions
It is also possible to include an additional shape parameter γ > 0 and generalize the family of GPL distributions to a wider class, denoted as GP L(III). This family can be defined in terms of the survival function as follows
where µ ∈ R is a location parameter, σ > 0 is a scale parameter.
A random variable X with survival function given by Eq.(11) will be denoted by X ∼ GP L(III)(µ, σ, γ, θ T ), where θ T is the row vector of additional parameters of the function g.
We can obtain as particular cases the following models
• By taking the constant function g x−µ σ 1/γ = 1, we obtain the Pareto type III distribution, denoted as P (III)(µ, σ, γ), with survival function given by
Note that the latter model includes the Fisk distribution, also known as Log-logistic distribution ( [14, 22] ), when µ = 0, with survival function,
• by taking the constant function g x−µ σ γ = α > 0, the Pareto type IV distribution, denoted as P (IV )(µ, σ, γ, α), is obtained with survival function given by
Note that this model includes the Burr type XII distribution, also known as Singh-Maddala distribution ( [23, 24, 25] ), when µ = 0, with survival function Figure 1 shows the relationship between the family of GPL distributions and the family of Pareto-type distributions, their hierarchies, and between other common size distributions used in the literature. A solid line means an exact relationship (special case). Table 5 illustrates the corresponding survival function of those probabilistic families. In particular, it is noted that the families GP L(I) and GP L(II) can be identified as special cases of the GP L(III) family as follows
Relationship between the family of GPL distributions, Pareto type distributions and other common size distributions.
Table 5
Survival Function S X (x) = Pr(X > x) of the GPL family of distributions, Pareto type distributions and other common size distributions. (S X (x) = 1, ∀x ≤ µ)
Finally, we can extend Theorem 1, and Remark 1, to the hierarchy of GPL family of distributions, as follows:
Remark 2 Let us consider the GP L(I), GP L(II), GP L(III) families of distributions defined in terms of the survival functions (7), (9), (11) respectively, where the real function g : (0, ∞) → R + is continuous, positive, differentiable on (0, ∞) and satisfies conditions (2) and (3). Then, for any function g with a strictly positive and finite limit at infinity, lim z→∞ g(z) = α > 0, the corresponding GPL distribution belongs to the Maximum Domain of attraction of the Fréchet distribution, it is regularly varying at infinity with index −α < 0, it is right tail equivalent to a Pareto (power law) distribution, and it is a heavy-tailed distribution.
Nonlinear distribution of employment across Spanish municipalities
In this Section, we analyze the nonlinear distribution of employment across municipalities in Spain, in terms of the number of workers affiliated to the Spanish Social Security in each municipality. We show that it can be modelled by means of a Generalized Power Law (GPL) distribution in the whole range. It is also illustrated that it follows a power law behavior in the upper tail of the distribution.
The Data
Now we use employment data of Spanish municipalities related to the number of workers affiliated to the Spanish Social Security system, in one of its general or special schemes (employed or self-employed), in each municipality. Those data are available on monthly basis, from the last day of each month, since January 2003, on the Spanish Social Security website, www.seg-social.es [8]. Our analysis comprises 180 different samples from January 2003 to December 2017. It should be noted that the data are leftcensored: municipalities with less than or equal to 4 workers are reported as "< 5". Figure 2 shows, for each of the 180 different months considered:
• the total number N of municipalities (sample size for each month) -as a reference, there were N = 8104 Spanish municipalities in December 2017 (last month considered);
• the total number r of left-censored municipalities for each month (municipalities with 4 or less workers affiliated, and reported as "< 5") -for example, there were r = 253 left-censored municipalities in December 2017 (thus, there were 7851 not-left-censored municipalities, with 5 o more workers affiliated);
• the maximum number of workers affiliated in a municipality for each month (corresponds to Madrid, Spanish capital) -for example, there were 1,913,935 workers affiliated in Madrid in December 2017;
• and some measures for location, dispersion, skewness and kurtosis, based on quantiles, for the variable of interest: 
Analyzing power-law data
A power law model (also known as classical Pareto distribution) can be defined, in terms of its survival function, by Eq.(8). That model is a member of the GPL family of distributions and it is also a particular case of other members of the same family (see Table 4 ). Now, we show that the empirical distribution of employment across Spanish municipalities adheres to a power law in its upper tail.
For that reason, we followed the methodology proposed by Clauset et al. in ([28, 29, 30, 9] ) which is based on the following steps: first, application of the maximum likelihood estimation method, for fitting the Pareto distribution to the data; second, the utilization of the Kolmogorov-Smirnov test by using bootstrap resampling, for testing the goodness-of-fit of that model; and finally the application of an iterative algorithm for estimating the lower bound of the power law behaviour, which is the minimum sample value where the null hypothesis H 0 : the data follow a power law model cannot be rejected at 0.1 significance level. Figure 3 displays the obtained outcomes, for each of the 180 months considered:
• the size of the upper tail n: number of largest municipalities whose employment follows a power law behavior (where the null hypothesis, H 0 : the data follow a power law model, cannot be rejected at 0.1 significance level). For example, the n = 768 largest Spanish municipalities followed a power law behavior in December 2017;
• the percentage of the size of the upper tail with respect to the total number of municipalities: 100 n/N. For instance, in December 2017, it represented a 9.48 % of the total (100 n/N = 100 × 768/8104),
• the scale parameter estimatesσ, obtained by maximum likelihood, coincides with the lower bound x min of the power law behavior, (σ = x min ). For example, in December 2017, the municipality in the lower bound of the power law behavior had 3,144 workers;
• the shape parameter estimates again obtained by maximum likelihood, i.e. Hill estimator [31] ,α = n [
It is observable thatα are very close to 1 in all the 180 months considered (in this case, power law is also known as Zipf's law [32, 33, 34] );
• the empirical Kolmogorov-Smirnov statistics KS = sup |F n (x i )−F (x i ;α,σ)|, i = 1, . . . , n, where F n (x i ) ≈ (n + 1)
is the empirical cdf in a sample value with the indicated plotting position formula [35] , and F (x i ;α,σ) is the theoretical cumulative distribution function (cdf) of the Pareto model fitted by maximum likelihood in a sample value;
• the corresponding bootstrap p-values, obtained from 10,000 synthetic datasets (simulated by usingα,σ), and calculated as a fraction of the times that the empirical KS value is better (less) than the corresponding 10,000 simulated KS statistics. In all the 180 months considered, as the p-value exceeds the proposed significance level, there is not statistical evidence to reject H 0 : the data follow a power law model, in the upper tail of the distribution.
Finally, as graphical model validation of the power law model in the upper tail of our data, we show in Figure 4 the rank-size plots (on log-log scale) of six different months, selected from the period Jan 2003 -Dec 2017. 
Modelling the whole range
In this subsection, it is shown that the distribution of employment across municipalities in Spain can be explained, in the whole range, with a Generalized Power Law (GPL) distribution.
For that reason, we choose a GP L(II) model obtained from the real function g(z) = α log(1 + z) 1 + log(1 + z) β , with µ = 0 (Z = X/σ), α, σ > 0 and β > −1, defined in term of the survival function as follows (see Table 4 ),
and S X (x) = 0 if x ≤ 0. Its probability density (pdf) function is given by,
and f (x) = 0 if x ≤ 0. This model includes Lomax (Pareto type II with µ = 0) distribution as particular case, when β = 0 (see Eq. 10). In addition, it belongs to the new subfamily defined by the condition (4): lim z→∞ g(z) = α > 0, thus it belongs to the maximum domain of attraction of the Fréchet distribution, it is regularly varying at infinity with index −α < 0, it is right tail equivalent to a Pareto (power law) model, and it is also a heavy-tailed distribution (see Remark 2) .
We have fitted this GP L(II) model in the whole range, in each of the 180 months considered (period Jan 2003 -Dec 2017), by using the maximum likelihood method of estimation. It should be noted that the data are leftcensored, therefore the contribution to the maximum likelihood function of the r smallest municipalities, with less than or equal to 4 workers affiliated (reported as "< 5"), would be [1 − S X (4)] r , and the contribution of the rest of the municipalities, with 5 workers or more, would be
f (x i ). The resulting log-likelihood function can be found in the Appendix. Numerical computations for fitting the GP L(II) distribution in the whole range, we have used the R software function optimx [36] with the limited memory quasi-Newton L-BFGS-B algorithm [37] , by taking as initial values the corresponding ones to the Lomax distribution with scale parameter equal to one: (α 0 ,β 0 ,σ 0 ) = (1, 0, 1). For comparison purposes, we have also fitted (by maximum likelihood, in the whole range, with left-censored data, and in each of the 180 months considered) other well-known models: (1) with three parameters, Dagum [38] and Burr type XII (Singh-Maddala) distributions, and (2) with two parameters, Lognormal [39] , Fisk (Log-logistic) and Lomax (Pareto type II) distributions. We compared those distributions by using the Bayesian information criterion (BIC), given by the following expression [40] 
where log L is the log-likelihood of the model evaluated at the maximum likelihood estimates, d is the number of parameters of that model, N is the sample size. A model with largest value of the BIC statistics is preferable.
Top part of Figure 6 shows the value of BIC statistics obtained from the chosen GP L(II) distribution (Eq. 12), in each month of the period considered (Jan 2003 -Dec 2017); bottom part illustrates the differences between the BIC statistics for GP L(II) model and for the other five models (Dagum, Lognormal, Lomax, Burr Type XII and Fisk distributions). It is observable the differences of BIC values are positive in each of the 180 months considered, which means that the GP L(II) model is preferable to the other models.
In addition, we have tested the goodness of fit of GP L(II) model by bootstrap resampling for each of the 180 months considered. First, by using the Kolmogorov-Smirnov (KS) statistic, and then, by using the AndersonDarling (W 2 n ) statistic . The latter test is more sensitive to deviation occurring in the tails [41] . Taking into account that datasets are left-censored, we have used the following computational formula for the (W 2 n ) statistic:
where F (x i ;α,β,σ) is the theoretical cumulative distribution function (cdf) of the GP L(II) model fitted by maximum likelihood in a sample value. In both cases (KS and W 2 n ), and for each month, we have simulated 10,000 synthetic datasets (left-censored for values less than or equal to x 0 = 4) by using its own (α,β,σ), and then we have calculated the corresponding bootstrap p-values as a fraction of the times that the empirical statistic is better (less) than those 10,000 simulated statistics. Those simulations were carried out on the Altamira Supercomputer at the Instituto de Física de Cantabria (IFCA).
We found that GPL(II) model is rejected at the proposed significance level by using the KS statistics, whereas by using the W 2 n test statistics, GPL(II) model is not rejected at that significance level. Figure 7 shows the bootstrap p-values, obtained by using the W 2 n statistics. It is observable that the p-value exceeds 0.1 across all the months considered.
Finally, as graphical model validation of this GP L(II) model in the whole range of our data, Figure 8 displays the rank-size plots (on log-log scale) of six months, selected from the period Jan 2003 -Dec 2017 considered. It is appreciable an a slight deviation from the the theoretical model to the empirical data in the upper tail of the distribution, corresponding to the biggest municipalities, with the exception of the two largest ones (Madrid and Barcelona) where the model fits reasonably well. Apart from this, the model provides an excellent fit in the rest of the distribution.
Conclusions
In this paper, we analyzed the family of Generalized Power Law (GPL) distributions (firstly introduced in [9] ), and we derived a new subfamily of regularly varying distributions at infinity with index −α < 0, that belongs to the Maximum Domain of attraction of the Fréchet distribution. These heavy-tailed distributions are right tail equivalent to a Pareto (power law) distribution.
The hierarchical structure of the GPL family that includes the hierarchy of Pareto (power law) distributions as particular case was also deeply studied. In addition, we showed that well-known probabilistic models as PPS, Benini, Exponential, Rayleigh, Weibull, Gompertz, Singh-Maddala (Burr Type XII), Fisk (Log-logistic) and Lomax are all members of the GPL family of distributions.
The nonlinear distribution of employment across municipalities in Spain was examined. In this paper we have used datasets that include information about the number of workers (employed or self-employed) affiliated to the Spanish Social Security system, left-censored (municipalities with less than or equal to 4 workers are reported as "< 5"), on a monthly basis, from January 2003 to December 2017. Our findings show that the distribution of employment across municipalities followed a power law behavior in the upper tail of the distribution, in each of the 180 months considered. Finally, we showed that the distribution of that employment across municipalities can be modelled by means of a GPL model in the whole range. The latter provided a better fit to empirical data than other well-known models in the literature such as Dagum, Lognormal, Lomax, Burr Type XII and Fisk distributions, in terms of Bayesian information criterion (BIC). In addition, this GPL model was not be rejected at 0.1 significance level by using an Anderson-Darling (W where N is the sample size (included the left censored observations), r is the number of left censored observations, x 0 = 4 is the censoring value, and the maximum likelihood estimates of the unknown parameter vector (α,β,σ) is the one that maximizes the log-likelihood function log ℓ(α, β, σ).
